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Exercise 13

Find the Green’s function for the half-ball D = {z% + y* + 22 < a?, 2z > 0}. (Hint: The easiest
method is to use the solution for the whole ball and reflect it across the plane.)

Solution

The aim here is to solve the Poisson equation inside a half-ball with radius R that is subject to
boundary conditions on its spherical and planar surfaces. Use a spherical coordinate system
(p, ¢,0) in which 6 is the angle from the polar axis.

Au = f(p,¢,0), p<R,O<¢><27r,0<¢9<g
u(R, ¢, ) F(e,0)

A Green’s function representation for the solution can be obtained from Green’s second identity,

/// (uAv — vAw) dV = // <u‘9” = Uau) ds,

which holds for any two functions, v and v, over any domain and its boundary. Let v be the
Green’s function: v =G = G(p, ¢, 0; po, o, o).

///UAG GAw)dV = // <u—G )dS (1)

If we require it to satisfy

AG =d(p— po)d(¢ = $0)S(0 —60),  p<R 0<p<2m 0<b<
G =0on bdy D,

where (pg, ¢o,00) is a point in the half-ball, then equation (1) becomes

///[u(p’ qby 9)5(/) - ,00)5(¢ - ¢0)5(9 — 90) — G(p’ qb, 9’ 005 ¢07 eo)f(p’ QZ), 6)] AV
D
(o)
bdy D

Since the domain is a half-ball centered at the origin, there are two boundaries to consider.
There’s the spherical boundary p = R, where the outward unit normal vector is i = p and the
normal derivative is 9/0n = 0/0p. There’s also the planar boundary z = 0, where the outward
unit normal vector is i = —Z and the normal derivative is 9/0n = —0/0z.

/// P, $,0)6(p— po)d(¢ — ¢0)5(6 — o) AV — //G L6, 0; po, b0, 00) f(p, 6, 0) AV = //udS

bdy D
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The integral involving the delta functions is u(po, ¢o,60).
7/2 27 R
u(po, ¢o,00) — / / / G(p, ¢,9; po, o, 00) f (p, ¢,0)p” sin 0 dp d¢p df
0 o Jo
w/2 2w 2r  rR
:/ / w(R, 6,02 32sin9d¢d0+/ / u(p,qﬁ,f) (—(m) pdpdd
0 0 9p | =g o Jo 2 9z ) |.=o

Solve for w.

w/2 2 R
U(Po,¢o,90)=/ / / G(p, .0; po, b0, 00) f (p, ¢, 0)p* sin 0 dp dep do
0 o Jo
sin 0 do do

w/2 2w oG
+R2/ / F(¢,0)—
] Een,)

—/OQW/ORH@,@%(;

In spherical coordinates, z = pcos¢sinf and y = psin¢sinf and z = pcos 6. Solve these three
equations for p, ¢, and 6.

pdpde
0

z=

p =22+ y?+ 22
<Z>:tan_1g
T
-'E2+y2
z

Use the chain rule to write 0G/0z in spherical coordinates.

oG _0Gop  0G0s  0Gof
dz  Opdz 0p 0z 00 0z

0 = tan"!

_ G 1
- 2

8,07

z

<w2+y2+z2>—1/2<2z>}+8G(0>+8G : 2<—”x22+y2>
19J0) 00 1+(m> z

5 (es) W (25975)

O0p \ Va2t 2 +22) 00 \a2+y2+ 22
oG 0G (sinf
= ap(cos@)—ae< 5 >

z = 0 corresponds to § = /2, so

oG

oG 10G
0z

6=m/2 - p 09

B [GG(COSH) _0G (sin@)}
2=0 op a0 P

O0=m/2
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As a result,

w/2 2w prR

w(po, o, 60) = / / /G(p,¢,e;po,¢o,90>f<p,¢,e>p2sin9dpd¢de
0 0 0

sin 6 d¢ df

w/2 2w o
+R? / / F(¢,0)
0 0 p=R

,
[ e (-5

Switch the roles of pg, ¢g, and 6y with those of p, ¢, and 8, respectively.

) pdpdo.

0=m/2

©/2 r2r PR
U(p, ¢7 9) = / / / G(00>¢0>90;P’ ¢, H)f(p0a¢0a00)p(2) Sin@o dlo(] d¢0 d00
0 0 0
sin 90 d(f)() d90

w/2 2w 9
+R2/ / F((]ﬁg,@o)a—
0 0 pOZR

Po
27 R 8G
+/ / H(po, 60) 25
o Jo (o 0)890

Therefore, using the fact that the Green’s function is symmetric,

dpo deo
Oo=m/2

w/2 21 R
u(p, ¢,0) :/0 /0 /0 G(p, b, 0; po, ¢0, 00) f (po, o, 00) p§ sin o dpo deo dby

w/2 2w
+ R2 / F((b(), HO)S—G sin 90 d¢0 d@o
0 0 POl py=R

21 R oG
0 0 ( 0 0)890

The solution for Poisson’s equation is known, then, if the Green’s function inside the half-ball can
be determined. Begin by finding the Green’s function in infinite space (no boundaries).

dpo do.
Oo=7/2

Ag = 5(‘T - $0)6(y - 2/0)5(2 - ZO)a -0 < 7T,Y,z2 <00

g can be interpreted as the electrostatic potential, and d(x — x¢)0(y — yo)d(z — zo) can be
interpreted as the charge density for a unit charge located at (zg, yo, 20). Since there are no
boundaries, g is expected to vary solely as a function of the radial distance from (zg, 3o, 20):
g =g(2), where 2 = \/(x — x0)% + (y — yo)2 + (z — 20)2. Integrate both sides over a solid ball
centered at (xg, Yo, z0) with radius 2.

/// AgdV = /// d(x —20)0(y — y0)d(z — 20) AV

(z—20)% + (y—y0)? (z—0)? + (y—v0)?
+(2—20)2 <22 +(2— 20)2<z

Since the ball contains (zg, yo, 20), the right side is 1. Write the Laplacian operator A as V?

/// V2gdV =1

(z—20)% + (y—v0)?
+(2—20)2 <22

www.stemjock.com



Strauss PDEs 2e: Section 7.4 - Exercise 13 Page 4 of 8

and apply the divergence theorem.

Vg-2dS =1

(z—20) + (y—y0)?
+(2—20)2 =22

Here # is the unit vector normal to this ball at every point on the boundary.

dg
=1
// U 45 =

(I*mo +(y— yo
+(2—20)2 =22

Because g only depends on 2, its derivative is constant on the ball’s boundary.

dg
- -1
2 // is

(z—w0)? y Y0)?
+ (z— zo) =22

This surface integral is just the ball’s surface area.

dg dg 1 1
4 1 A - __—
dz( me’) = de  4me? 9(2) dme
The infinite-space Green’s function is then
1

g(xaya2§9507?/0,20) = -

Ar/(x — 20)2 + (y — y0)2 + (2 — 20)%

Now that it’s known, the Green’s function for the half-ball can be determined by the method of
images. A convocation of point charges in infinite space will be arranged so that the boundary
conditions, G = 0 along p = R and G = 0 along z = 0, are satisfied.

Q*
® (0™, y0", z0™)

O (xo*s }’0*5 _ZO*)
— Q*
For a positive unit charge located at (z, 30, 20) inside the half-ball, place a charge Q* at
(x5, Y3, #5) outside the half-ball such that the charges are collinear with the origin. Then place

corresponding charges of opposite polarity at their reflections over the z = 0 plane. zg, vy, 25, and
Q* are all unknown at the moment.
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Write the Green’s function in the half-ball (valid for 22 + y? + 22 < R?, 2 > 0).

G(xvyvz;J:anOaZO) = +g(x7yaz;x05y0)'20) + Q*g($>?/,2;$87y8728)
_g(x7yvz;x07y07_20) _Q*g($7yvz;$87y87_28)

1 Q*
/=20 + (w0 + (220 Ar/ -+ (- W)+ (2 52
+ L + Q"
dry/(z —20)? + (y —90)? + (2 + 2002 Amy/(z — ap)? + (y — y5)? + (2 + 25)?
_ 1 ! Q'
 An [\/(90—930)2 + (¥ —y0)* + (2 — 20)? " VE—z5)?+ y—y5)? + (2 — )2
+ L 1 N Q*
A | (@ —m0)2+ (y—v0)? + (z+ 202 V(@ —25)?+ (Y —95)> + (2 + )2
1 1
Cdr [\/(352 +y2+22) + (a5 +y5 + 25) — 2(wz0 + yyo + 220)
+ &
V(@2 + 92+ 22) + (@2 + yi? + 282) — 2(xxd + yyp + 225)
T !
A | /(22 + 42 + 22) + (@ + 92 + 22) — 2(@w0 + yyo — 220)

+ &
V(@2 + 2+ 22) + (@2 + yi? + 282) — 23 + yyg — 225)

§T OSIDJIIXH - °) UOI}09§ :9¢ SH{AJ ssnedails
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Change to spherical coordinates and simplify the formula.

1 1

G ’ 797 ) 70 ="
(61,63 20, 60, bo) 4m [\/,02 + pi — 2[(pcos ¢sinb)(pg cos o sinbp) + (psin ¢ sin ) (po sin ¢g sinby) + (p cos §)(po cos )]

Q*
_l’_
VP2 + pi? — 2[(pcos ¢ sin ) (pf cos g sin ) + (psin ¢ sin ) (pf sin ¢g sinby) + (p cos ) (pf cos 90)]]

1 1
4m [\/p2 + pi — 2[(pcos ¢ sin6)(po cos ¢g sinby) + (psin @ sin ) (po sin ¢g sin ) — (pcos O)(pg cos )]

Q*
+
V2 + pi? — 2[(pcos ¢ sin ) (pg cos go sin ) + (psin ¢sin ) (p sin g sin ) — (p cos ) (p cos O )]
_1 1
4r \/p2 + p& — 2ppo(cos ¢ cos ¢g sin @ sin b + sin ¢ sin ¢ sin 0 sin Oy + cos 6 cos bp)

Q*
+
\/p2 + p§? — 2ppg(cos ¢ cos ¢g sin 0 sin Oy + sin ¢ sin P sin O sin by + cos O cos )

1 1
+ -
47 [\/p2 + p& — 2ppo(cos ¢ cos Py sin @ sin b + sin ¢ sin ¢g sin 6 sin Oy — cos @ cos by)

Q*
+
\/p2 + p§? — 2ppg(cos ¢ cos ¢g sin 0 sin Oy + sin ¢ sin P sin @ sin fy — cos 6 cos )
1 1
A | \/p? + pg — 2ppolcos(¢ — ¢o) sin O sin Gy + cos O cos O]

Q*
_|_
V2 + pi? — 2ppilcos(¢ — ¢o) sin fsin g + cos 6 cos O]

1 1
_.I_ -
47 [\/p2 + pg — 2ppocos(¢ — ¢o) sin O sin by — cos 6 cos O]

Q*
_|_
VP2 + pi? — 2ppilcos(¢ — ¢o) sin sin Oy — cos 6 cos O]

§T OSIDJIIXH - °) UOI}09§ :9¢ SH{AJ ssnedails
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Bring p out of the square root in the terms with 1 in the numerator, and bring pg out of the
square root in the terms with Q* in the numerator.

1 1
G(pv ¢70,p0a¢0a‘90) = _E \/ /)8 %0 i -
py/1+ el T[COS(gb — ¢0) sin @ sin 6y + cos 0 cos |
. Q
po\/ >+ 1- —[cos(qﬁ ¢o) sin @ sin 6y + cos 0 cos O
;L !
4 p\/l + Z—§ - 2%[005(41) — ¢o) sin @ sin §y — cos 6 cos O]
N Q

Py *2 Sl —[cos(qﬁ — ¢p) sin @ sin 6y — cos 6 cos 6|

The potential at p = R is zero.

1
G(Ra ¢30;p07¢0790) 471’
R\/l p—o — 2ﬂ [cos(¢p — ¢o) sin @ sin Oy + cos 6 cos O]
Q*
/)0 \/1 cos(qﬁ ¢0) sin 0 sin 6y + cos 6 cos O]
1
_|_
R\/l + 25— 2p0 [cos(¢ — ¢p) sin O sin Oy — cos 0 cos O]
Q" _ 0
po\/l Lis (¢ — o) sin @ sin by — cos 6 cos )
In order for the quantities in square brackets to vanish, set
1 %
p_Roa L9y
R p; R p
which means
2 *
* * Po
= — and =
Po 0 Q R
o _R
po’
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Consequently, the formula for the Green’s function in equation (2) becomes

1 1
Cle. 9.8: 0. 90, b0) = A [\/p2 + p§ — 2ppocos(¢ — ¢o) sin B sin Oy + cos O cos bo]
R
_ PO
\/p2 + Ij—g - Qp%j[cos(gb — ¢p) sin 0'sin 6y + cos 6 cos 6]
RE .
4m | \/p? + pg — 2ppolcos(¢ — ¢o) sin O sin Gy — cos § cos O]

pis
£0

\/,02 + %g — Qp%[cos(gb — ¢p) sin @ sin Oy — cos 6 cos 6]

1 1
T 4m [\/p2 + pg — 2ppocos(¢ — ¢o) sin B sin Oy + cos @ cos bo]

R
- V2Pt + R* — 2R2ppgcos(é — ¢o) sin O sin O + cos 0 cos 90]]

1 1
+ -
4m | \/p? + pt — 2ppolcos(¢ — o) sin O sin Oy — cos § cos O]
B R
VP2t + R* — 2R2ppocos(¢ — o) sin 0 sin g — cos 0 cos O]
o 1
4 | \/p? + pg — 2ppolcos(¢ — ¢o) sin O sin Oy — cos O cos O]
B 1
V% + pt — 2ppolcos(¢ — ¢o) sin O sin Oy + cos 6 cos O]

1
VP2t + R* — 2R2ppgcos(¢ — o) sin 0 sin O + cos 0 cos O]

+R

1
B VP2t + RY — 2R%ppglcos(¢ — ¢o) sin 0 sin Gy — cos 6 cos 90]] } '

Calculate the derivatives, 0G/0pg and G /00y, and evaluate them at pp = R and 0y = 7/2,
respectively.

oG
dpo

_ R? — p? 1
po=R AT R {R? + p? — 2Rplcos(¢ — ¢p) sin f sin §y + cos O cos 90}}3/2

1
{R? + p? — 2Rplcos(é — do) sin 0 sin fy — cos 6 cos o]}/ }

oG
06

__ ppocost { 1 B R3 }
Bo=m/2 2m {p2 + p& — 2ppo cos(¢ — ¢o) sin 9}3/2 {p2p(2) + R* — 2R2ppg cos(¢p — ¢p) sin 9}3/2
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